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YBOA B TeopusiTa Ha onepaTopHu anrebpu ¢ NnpunoxeHne B Mmatematumkara u pusmkaTa
Introduction to Theory of Operator Algebras with Applications to Mathematics and Physics
Nikolay M. Nikolov
Lecture 7

—_—

Vam A/éwmmm a/gebms - qu‘{- l|

—

Wémindéh [ezL W"W}'/Aer'f SPM&) 73/%> ‘= Ufa%ebm o%a&l bonndled
adnem%ars On % For‘ Sgﬁ_@/%> ’ the commutant 07Z

S heBB| AC- CA YoeS = [83' - i Gt #m
N is a unital Banach af?;bm It is Cfaélbm it Lis %-inariant (E YAES /4"65’)_
S8 > G e, S0l §lgha 90

A von Vewman a/gebra m < 73(?/) 34 M is x-invariont ond "= 900

%servamn R.L H‘ ,5,9 73[7/) IS %-inyariant subset , Ve -aé:e/l lmeqr
P-= or%ho?,wml projection on Y Lhen :

Vois \S-invariant (ﬁb Vhes: A(V) QV) &= pef’

Vow Veumann's Thesrews / Bicommutant Theorem -
let O, ¢ 73/7/) be a E—"a[;ebm which Is nondef,mem%c (¢<=> A ¥ = 77)

w

T’ZQM.' a' = &7 = A .

Koro%r% (N is vou Veumann a/gebra = M is unttal Weaé? closed
x-subalgebra of 73/7/)

Theorem Y downward directed st of positive operatrs /=,;bas/ﬁre elewents” ) In
a Vo Viewwa nn aéebm M has an inflmum in M and sfmn;éf wmwr&zs o It.

Remar k There is a theorem :

HA isa C—*a/gebm such that VYa,be H that are positive Jin{ (a, b)
(,‘_(, JceHA st Ye'eA: c'sc <D ¢leg & c’s‘b) ther A is commutative .

ks an agp beation we obtained that Jv’;4€73/7f)) A*= 4 Yhon the commutative
von Meuwmann a/?l/)m ) = CiAY generated by A contatns V4 spectral

Pfod'éCVL’o”‘ of A, and s uniﬁrmly va,enzm#o( by thelr Ynear span .




N.N

T Bojection (wpoerrsy) Pe s () =0 PP P-p

2= 2(@77) = MNM '~ the anter of the von Nevwmam ﬂ/;l/)m U
~1t Is @ commutative von Neumann a(gzﬁm [2 = 2/’ - Wﬁg .7).

Let Pbe a contmal projection tn M (12, Pe2, PP, P*=P).
Then PMP = "] PAP)AG My a weallg closed x—suba.fgeﬁm b/ 75/7&
as well ac (’/‘f)Jﬁ“‘P) awd M=PMP ® (/‘JP)WM{‘P)

12 11
{A\Pwl/\émB fAlWLlAémj

direct sum of x-alyebras

a von Meuwann a vou Meuwann
a(gfbrm on PY a(?zbm on (PH)*

QL((M;{_ Mis siwmple (12 M s indecowpossahle intv a Alrect sum )
i M is g fachr (<= 2(M)=C. ().

L. The lattice of projections in a von Neumann aégzbm

Jet. A poset (f"\, é) < called lattic (pemerca) i4 Jv’xlgeM
= '\v\{—(x,&a\) =X Ay and SSMP(D(I%> = xVy, where for S </
P '\v\fgs <a——e+b Vxégtzsx ) Zzsqu ?@D VxéS:in

ledine ihf(s o d S‘V\ps whey ‘Hwé exist .

FYSeM IS, Isup S then M is called Compéfe lattice (nenma pewetia)
IF 30:= M 3= cup M Zhe latha is alled bounded .

Nﬂe_ H V)_W‘ e - shosed binear subspaces P @ -orfhagma(prp/'eaﬁohs
on thew (V=P )W=0?1> then. VeW <=0 Ps(,

I Pond O commute: PA=QP 15 Hh orthogonsl /Jro,ieav‘iou on VOW.
Jet. Ortholittie (opmpewerca ) is a bittia M with an speration M= M- x b2t
which s \&d(’,\/\/\q)O"fLV\'l (M%CHVWTeH'THﬁ> ) x+l =y and X gg = g_J_gx.L.

Then = (xay)™ = vagi) (xvg)l= xi/\gl.
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Kewark 1y, a poset (M, \<>/ which is endowed with an operatiov x hzt
st DC‘“':ID( and chdt(;@'__———_:% %/J'Sxi if YSeM Finf J they
VM Isup S and sup 7 = (inf{xi [xétS’Dl (exercise) .
Another situadion in a posed when VI €M I inf S =D YFsH Jaup §
(s when M i¢ bounded : 3541,9 M. fmo{eéof, then

Sl'fP\Sb = iVI’}C {xéH( Y §x Jv’géyj ?‘ﬁﬁ (exercise) .

uéorem Pl The poset of all prad'eovllous in a von Newmann a/gebm m s 75(71)
(w.rd. operahr order) s o complete ortho attice .
Prood. Let '{Pﬂjej s sPMH) bea qaaw.i%, of projections, VJ = (PJ#{
Lot V= QV‘ P -the or’cko?ml projection on V. PJé m = V[ s T invariant (V/d)-
=D Vis M- mariant. = PeM?’=m . (4 applicotions of Observation R{.)
5“\& Vew oo Vio2 W the rst of the theorem fbgfows. [
éra[[ar‘g 1.2 [ot {P;j]ej S M be an orthogonal system of projections
G Vil j#i = RR=0=PRF; viel, f40)

Thew %P/ = sup {P,-ﬁjeg c M.

Observation 33 Lot M S T3 (#) be a von Monmann M;;zbm , Pe ) be a
prﬂjecv"/om [i.z. sz P: P*< P> and V= PH . 7%!}'1 if W= M-V and
R is the om‘ho;omf projection ou W then (€ Z[M) .

Proot. Mote hat TNV is M -invariant and W'-tnvacignt [since i C€ M’
then for YAEM ve: CAv = CAPe = APCoe MV ). Tun W-T-V
is alse M and M'-ivarignt. =D &é@n}ﬂm” = 2(777) ]

Exercise. (We shoall not use i%) Under the conditions of Observarion £.1:
W= 0N { P/W{ Plem’ a projection Ps P'}
= {Q’% { Q¢ Z ia projection Ps@ j

fid, Lot P oond @, be the or%ho?om@ projections o the Mght haud sides of
bne | and Line 2 respectivedy Then P€EM' Q€2

Det. The constructed projection ReZ v Dbservation .4 1s alled cntral
support of the projection PE M.
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1504.1 J. Fartial isometries (eacruemwu uzomerpuu).

&’ﬁ le %56 a Hr'/berz‘ space U : W—v Y s calledo pqrm( /;meffg £
?,(0== “](Verﬂ)l“ ’ (/(ZFU)'L s YUY (= Iw:age o] U> is an /'Same/r?_
(1 partionlar, UePB#).) Denote V==<k’er U)l, W= y# | then ;

VoV =% VeV =%

isand:-l'rg ‘L? LO J; U la?'/r_ezr? Irz T 0 T y¥ (/,-qmm:)

Wew:'=# W e W= A
%@M(‘ﬂ) U = P - the or'fhaaaym/ projection on V,
UUS =2 Q - Lhe or—Mogam/ projection on W,
Vis called +he nltinl space o7l U, W—z‘argu‘ space of Y .
Vetation = V20 W aud also P8R

Observation 1.4 The following conditions are equiva lent :

(1) 7,(673/%) Is a partial IS?M€+F?3

Q) UY is a projection ;

(8) UU™ is a projection |

(‘/> UUU" = U;

G)Uu™u=u"~ .

frood. (D=0 (2) (D= (3), (1) = (1), (1) = (5) folbw by (diagrams).

() =0 (3): Set @=UU"=Q" Thn Q°= U wuu)u*= Ul UU* = @
- < 2

D Gy (@) € 0,1} sina (1-26)"= £ 20" < 120+ -

(&M= @M-,= = a?'> TA?M & IS ,’)ra/'ec-ﬂow ,

(3)=0 (&) ¢ replocing U= U™ oo . (4) 2 (2) by U] (5)=2(3) by LU

F‘fmmﬂg: @) & (3) 2 03%’-96? e (1) [one chocks (o(lqmm&')). 0
Wode: (0= UWAU=P (5) = UPU" = Q.

3 QM,}MF:’S’W o/ projections In o yon Mowwmann dééﬁm
' ' 7

Jet. Let M be a von Veumann algebra i B#). P Qe M -projections
P~ & T IUEM - partal isame{'rg P =0 4

b&mq AYEM st P-U"Y and Q=YU*
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15.04.11 For the wrrispwlllug chsed Unear subs/aaces VE P77) W=Q¥ we shall also write V~W.
{Bu?‘ node that pom'b% not NV ¢ H-dosed Gnear, is of o form V=P for PE N - projection.)

%sermﬂams 7.5 () Let Wem be W’H'?Lﬁf'&{ (ﬁ Y= = u'ﬁ> Pém'prp/’!eﬁm
Then: P~ TP (e be V=P%: Vo HV).

Boo. et : U =TP  Then Y= PHTP = PP yu™= GPE-PH" -
(b) ~ is equivalenee relatiou.

Poof. 0 Poi*pl=P. 0 Pq tha Q3P

3 PP, ﬁﬁ’sz thew REPSJM,M.gW. 0

fomark. If P~Q it is uot necessary that Q= UPU fora M””L”f Uem.
Moo: PrvQ £ [-Pw -0 (1e Vv W # Vto WL

D_WEYL_' L@'f P, a e - pro}écv‘/an:,
Ps Q dqu‘:D apr‘o,’ecvtlow .P,Gm ; P’VP, SN

We shatl prove belbow that the nlation S mnduces a partinl order on Hhe
eqmvm&ma nsses [P] of pra‘jeoélwws m M.

Y Olar decomposition in a voun Mewmann a/g,:b/‘ﬁ
t 4

[€1L /46 75[7’1/) W? /énow ﬁmL 3! pas/ﬁl/e opemq‘pr 1= [A\é C[A"AJ g.f AkA = M'Z
Wote Ml + (A% = (AA")VZ, in genemf .

Trearew 4.6, 3 pactial sometry e COAA"D" <t A= UIA

Lemma ¥ A€ 73[7/) A - (/(er '4*>J—

ot UL A% & Cu,hrd=0 (Yoe ) e o Mu)= 9 (VveW) = Fi=0.0
Koroélarug 11 W = (Ker IAE= ([(erA>J-: A*W
ok < Ay =0 o= 0= 1A1"= Co, Koy o= 0=Cor [A['w) = [l &= Ko 0. 1

frootof Thw#6 Lot V= (A% V=T, Set: U, 1Ho e ho (voen)
Then U Al v, WlAlwD = <Avr Aw > = v, AAw > = IAlv, Al w .
=D U, difines an MhH‘mrg embedding V, > Y. Set L([VUJ— =0
WV, = U, —1his defines a partinl isamegr% Then A= UK by fhe construchion




N Why Ue CIA A"
et P be the orthogonal projecdion on V. Then P is projechion on ber [A*]
(see WFoCO\rg 77-7) -Spechm[ Prajecvtlon_ =D Pé (C[A*A]//. ]-F Ccf(f[A)A*]/
theo CUIBlv = CAv = ACo = UIAICo = UC A0 sothat CU=tUC on T,
On Vi CUlyt =0, UClyL = UC(-P)]yr = Ufl-P)C|ye=0.
DCY=uc. > wech,,l’ o

Remark We used the fnct 4hat: i Bé 73{%)) B =8 then the orthogonal
prachHM oh KU‘B (s wl’hz szch"ﬁ‘f pfﬂ/éCVLMM n ooffef/mh//ug w f07 S/R-
DIndeed: Bor=0 <> Bf(B)o=0 Yfel(R)

= f(B)v=0 YFECYR) st F(0)=0 <= (-N)vr=0.

&ra%rg;;{.g (a) Lt M be a Vzu_/f/lumnnn d/i!bm in @/W)) AE M
P ke the orthogonal projection on A = ]mng( of & and @ be he orﬁagann[
pro/'ec#/nn on A = Imagz of A* ﬂen P) QREM and P~a .

M P = ker [A| \ QH = Ker .Al - spectral prod'echﬁs__
= PQe ClAA)" M. By Grollary %3 Q% = |HH . Theu.
A*—’ﬂ = W %{—’b M A# the polas dwovmposi%\om A= UIA]
with UEC[A A" cm. O
M U in Thw 3.6 is wnigue if 1t is q partial isometry A0 < 1.

(sinet U(IAIV)=AV.>
Qemark. The pradecv‘lah P ou M I$ caaed loft Su/)/)an’ of AETN.
P=imf{Pem]|RA=A V. The right cupport of A is defined s/m/&fr%:
Q= {8, eM [AQ=A]. Ba uslng the polor decomposition sme proves
also Yat P~ Q.

Koro%rg;‘[@ (b) let PREM be pm‘;ecv‘mm, lE P?/, W=0¥. They
Ve (vawd) ~we (Wn\/ﬂ (i.e. the corresponding projections
are equivalent = P~ (PA(1-0)) ~ Q- (R A(1-P))).

P, GP# =GV =V o (VawL) PAH-0W - W & (WnV+L).
Bug (PQ)*=QP. O

bote: Vo (VAw:)=0<b V=VaW=ed VeWle VLW
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&m%rﬁg (¢) let P,,Pl EM be pm‘}ecv‘ws and 48@’, g’em - pm’}ecv‘laws
st D40 48 P <P P'sP and B~ P Then if Q, is the antral
support of PK (K= ‘.l), e Q€ 9.(&77) i¢ the Orn‘haﬂam( pro/éﬂ%on on
MPH (see Observation LL) it olbaws hat Q,0, = 0.

In other words , IFEZ - projection s4. P € F and O < (-F,
Prook. Let V= B (k=1,0). ¥ U U €M- Mr\htnrg: UV, LU V., otherwise
0 # U V.0 (UV, 0 (nWa)H) ~ UY,0 (uy, n (v v)*) #0.

04 V'~ UV = U(VoV) ~ (VoY) = UL~V #0
— toutra diction (VIQVU %’Q'\é)

T%us, fpam {uv | e m —um’fmr&j 1L &mn {U'V:z ) Uem —unh‘nrg}.

mv, my,
due 4 the v”v(law/ng '

lewma Y unital Clalgebra A A = Span {U|UE A is unitary |

Pﬂ{. Vae A: a=8c+,¢, ¢=¢", lal<l (»fprins-/-a\mcz\.

- ata* a-a* _ . A - A
a= Al gt Al ) Then - HC“L('_ ) HC“JL{_C") i

_—

— Mm'z‘arg —4

g (’ompa rison Theorews

Let P,aé m —pra/'zcv‘fans in a von Meumann ﬂ/g(ﬁf‘&)
WZWEW'A I+ P<Q and Q S P 4hen P~Q .
Theorem B 3F e 2(1) - projection st. FP s FQ | (-F)@ s (I-F)P.

(orollaries .9 (a) Lot [P] be the €7M:'mfema dasc of a /)ra/'écv‘/ah Pem wrt ~,
Then [P <[] %‘c—? Ps @ defines a poset structure on ‘{[P]) Pem - projection }.

() 1f M is a factor then II[P]) PE MM - projection y is [Mmréaz ordered |, i.e.
either [P <[Q) or (A1 S[P] BP QEM - projechon.

Lew\w\o\ 5[—,40_ let “{P‘jlej cm ) {035&51 M be two or-fflagwmf famil{es
OWrercHoms $.4. \7’36] '- Pd‘\’a‘ '_H\zm ZP(, o~/ ZQJ.
{ i
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g Pud L PG W EM - purtial somedrg Thew for V.92 T

YIIC

Ug = Z Ui Hem){uﬂyc 5 -anet. Then Ug <> U= T U and

&65‘ finite

PG UeM. O

Prood o} Theorawm A We have P=:F, T Os R and 0=Q,~, P,<P.

MI
T~ v
W cngtruct then P>P 2 32--- ) QOZG),ZQL; asz--.
"M
Q= UBUT>0, B =W U >0

since the Lh.s.

#
6y - Qe U= By B >0 i

A1+ | .Zu+9.

ﬂna : M (Plk P >M = Qik-f[ @.UH.?. 2 0 > bg. induction:

:D !PUZP{ZP‘;B P32"‘ N QOZC?,ZC?'LZ 6?32

\Q-rL PM’-'M'FP,)QMTM'/QK' =D MPWM*:QN)PM—&?%QM-

then : P= P, + i(lk fezk 1) + i(Pik-H‘P-ZH.Z)

k=0 K=0

The same scheme
appfles In set fﬁeo?
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(pm\f of Theorew B. (’owld'er the poset oonﬂsﬁng of palirs (f[)/'jjéj } {ﬁ,‘j/-é])
of OrH\ogomf famlbies of projections {09]5) 185 ¢ <4 Y PJM&J' ,
PJSP, QJSQ e partial order s ('{Pl'jjeﬂ;mllj/éI)S (“)I'/jiéﬂ'z{d;}/é?')
i f “)‘j < “)/'5 ) {C?"j < {(pézf] It pllows by the Zorn bomma [check!)
ot there are woximal e@wente in His poset-. Sed M 3 Q = e <P,
ms Q= Z&i sQ for such maxiwoal mibies ‘{m and ?b’?l/-},

let P = P—P: , Q-=-2-Q,. @g MO ma /1731 ¥ P,/, C?,/€m-prajeoﬁam
st B0+, B's P 0'<@ and B0/ By lorollary 3 (0
IFe 2(m) -projection st. P=P-P <sI-F, @=0-8, <F. Then
(P-B)F =0 and PF=RF~ §,F < QF, whre P340, = B F 2 OF
sinee FE€Z (UR)UF = UWUF = PR, UF(UF)"=- = QF)

Stmilarty , @-Qo)(1-F) = 0.2 Q(1-F)=Q,(-F)~ B (I-F) < 0(I-F) [
Rewmr’i‘- Sehame o»,l the proot

lmxiwm[ Compamb&
(\Y%
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